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THE UNIT BALL OF THE PREDUAL OF 
HAS NO EXTREME POINTS 

RAPHAEL CLOUATRE AND KENNETH R. DAVIDSON 


Abstract. We identify the exposed points of the unit ball of the dual space of the 
ball algebra. As a corollary, we show that the predual of H°°( B<j) has no extreme 
points in its unit ball. 


1. Introduction 

The algebra H°°( B^) of bounded analytic functions on the unit ball B d in C d is a 
weak-* closed subspace of L°°(S d , a), where a is Haar measure on the unit sphere S d 
(i.e., the unique rotation invariant probability measure on S d ). In particular, it has a 
predual that can be identified as 

H°°(M d ) if ~L * 1 (§ d ,cr)/H°°(M d ) ± 

and a corresponding weak-* topology. In the one dimensional case of the unit disc, 
Ando [I] proved that H°°( D) has a unique predual and that the unit ball of this 
predual has no extreme points. In this note, we generalize this second fact to higher 
dimensions: we establish that the unit ball of H°°(M d )* has no extreme points. It is 
unknown whether has a unique predual when d > 1, although some of its 

natural analogues have that property m- 

Our proof is not straightforward and is based on a description of the dual space of 
the ball algebra A(B^), which consists of analytic functions on B^ that are continuous 
on Brf. The idea arose in connection with a larger work [2] investigating the analogue 
of the inclusion A(B f /) C H°°(M d ) in the Drury-Arveson space. The situation is quite 
different there as the appropriate version of H°°(M d ) has many extreme points in the 
unit ball of its predual. Nevertheless, it is the basic arguments used in that context 
that led to the results of this paper. 

The dual of the ball algebra is well understood (see m Chapter 9] for the complete 
story). We briefly review its main features here. By the maximum principle, A(B^) 
may be viewed as a closed subalgebra of C(E> d ). It thus follows from the Hahn-Banach 
theorem that every functional on A(B^) has a representing measure on the sphere. 
Accordingly, much information about the dual space is gained from a careful analysis 
of the representing measures that can arise. A regular Borel measure /j on is called 
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Henkin if every bounded sequence {f n } n C A(B d ) which converges to 0 pointwise on 
the open ball M d satisfies 


lim 

n—>• oo 


fn df l = 0. 


In that case, a theorem of Valskii [15] shows that there is a measure u E A(B^) _L 
such that fi — v is absolutely continuous with respect to a. Hence, the functionals 
on A(B^) given by Henkin measures are precisely those which extend to a weak-* 
continuous linear functional on H°°(M d ): integration against fi — v is the desired ex¬ 
tension. In addition, Henkin measures are completely characterized as those which 
are absolutely continuous with respect to some positive representing measure for the 
functional of evaluation at the origin mm- Because of this fact, we denote the space 
of Henkin measures by AC. At the other extreme, a regular Borel measure on 8^ 
is called totally singular if it is singular with respect to every positive representing 
measure for evaluation at the origin. Let TS be the space of totally singular mea¬ 
sures. The abstract F&M Riesz Theorem, also known as the Glicksberg-Konig-Seever 
decomposition mm, shows that every measure on E> d decomposes uniquely as a sum 
of a Henkin measure and a totally singular one. 

Bringing together all of these results, we obtain the following description of the 
dual space 


A(B d )* ~ AC /A(B d ) ± ®! TS ~ ffi* TS . 

Since this is a dual space, the set of extreme points of its unit ball is large enough 
so that the weak-* closed convex hull of that set coincides with the whole unit ball 
by the Krein-Milman theorem. On the other hand, the point masses A 5^ for ( E S d 
and | A| = 1 are readily seen to be extreme. A standard Hahn-Banach separation 
argument shows that the weak-* closed convex hull of these point masses is the whole 
unit ball. It is therefore plausible that the unit ball of H°°(M d )* may have no extreme 
points. 

Our proof is based on some results in convexity. We use a fact mentioned in an 
old paper of Klee if A is a separable Banach space and C is a weak-* compact 
convex subset of E*, then the weak-* closure of the weak-* exposed points of C 
contains all extreme points (see Theorem 4.5 of ra and the remark beginning at 
the bottom of the same page where he mentions that the corresponding statement 
is valid in our setting). Klee claims that this is an easy modification of results of 
Yosida-Fukamiya [T6j and Milman [13]. As this result does not seem to be familiar 
even to people working on Banach space and we have not found it stated in current 
books, in Section 2 we provide a proof inspired by [10] for the reader’s convenience. 

With this result in hand, we first show in Section 3 that the weak-* exposed points 
of the unit ball of A(B^)* are precisely the point masses A 5^ mentioned above. Since 
these form a weak-* compact set, they are in fact the extreme points of the unit ball 
of A(Brf)*. The desired consequence about the absence of extreme points in the unit 
ball of is an immediate consequence. 
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2. Exposed points in weak-* convex sets 

Let C be a closed convex set in a locally convex topological vector space E. An 
extreme point x 0 of C is an exposed point of C if there is a closed supporting hyper- 
plane H C E for C at x 0 such that H D C = {x 0 }. When x 0 ^ 0 and 0 G C, this is 
equivalent to the existence of <^ 0 G E* such that 

Re^o(^) < Rey9 0 (Ao) = 1 for all x G C \ {x 0 }. 

We denote by exp(C) the set of exposed points of C, and by ext(C) the set of extreme 
points of C. In particular, if E is a dual space equipped with its weak-* topology and 
C is a weak-* closed convex set, then the weak-* exposed points are those extreme 
points of C which are exposed by weak-* continuous functionals. They will be denoted 
by uAexp(C'). 

A boundary point x 0 of C is a smooth point of C if there is a unique supporting 
hyperplane H C E for C at x 0 . When x 0 ^ 0 and 0 G C, this is equivalent to the 
existence of a unique G E* such that 

Re^o(ic) < Re(^o(^o) = 1 for all x G C. 

If two locally convex topological vector spaces E and F are in duality, then the 
polar of a convex set C C E is 

C° = {ip G F : Re<y?(x) < 1 for all x G C}. 

(Warning: one often calls the set {ip G F : |v?(x)| < 1 for all x G C } the polar as 
well.) A straightforward consequence of the Hahn-Banach theorem shows that if in 
addition, 0 G C and C is closed in the F-topology, then C 00 = C. 

There is a certain duality between smooth points of a closed convex set C and 
exposed points of its polar C° which we now describe. Assume that 0 G C. Suppose 
that Xo 7^ 0 is a smooth point of C with unique associated functional tpo G F satisfying 

Re^o(^) < Re</5o(^o) = 1 f° r all x G C. 

The uniqueness shows that <po is an exposed point of C°, as demonstrated by the 
functional xq. Conversely, if xq is an exposed point of C, suppose that <po G C° 
satisfies 

Re^o(ic) < Re</? 0 (x 0 ) = 1 for all x G C. 

Then <pq is a smooth point of C° with unique supporting hyperplane determined by 
t 0 - 

Another fact that we require is Mazur’s smoothness theorem [T2] stating that the 
smooth points of a convex set C with non-empty interior coincide with the points 
of Gateaux differentiability of the Minkowski functional, and in a separable Banach 
space E that set is dense in the boundary of C (e.g. see page 171 in [8j). The following 
theorem is due to Klee [TO] . 

Theorem 2.1. Let E he a separable Banach space. Suppose that C is a weak-* 
compact convex subset of E*. Then the weak-* closed convex hull of w -exp((7) is C, 
and the weak-* closure of w -exp(C) contains all extreme points. 
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Proof. Consider the dual pair (E,E*), where E* is endowed with the weak-* topol¬ 
ogy. We may assume that 0 belongs to C. Let K C E* be the weak-* closed convex 
hull of tu-exp(C'). By virtue of the duality mentioned above, to achieve the equality 
K = C, it suffices to prove that K° = C°. Now, K C C, whence C° C K°. 

Suppose that there is a point eo G K° \ C°. Since C is weak-* compact, it must 
be norm bounded. Hence there is an R > 0 such that ||y|| < R for every y G C. In 
particular, we see that e G C° whenever ||e|| < 1 /R. Thus C° has non-empty interior. 
Let Uq be the algebraic convex hull of {e G E : ||e|| < 1/-R} and {eo}. Then, it is 
easily verified that the set U — U 0 \ {e 0 } C K° is open. 

Since 0 e C°, e 0 (£ C° and C° is closed and convex, there exists 0 < t < 1 such 
that te o belongs to the boundary B of C°. Thus, B D U is a non-empty relatively 
open subset of B. Invoking Mazur’s smoothness theorem, we see that there is a 
smooth point e\ ^ 0 of C° in U HB. By the remarks preceding the proof, the unique 
functional G C 00 = C which satisfies 

Reyq^) < Re</?i(ei) = 1 for all x G C°. 

is an exposed point of C. Therefore <pi belongs to K by definition, and trivially 
</?i G w*-exp(K). Using the remark again, we see that e\ is a smooth point of K°. 
However this is impossible because e\ G U lies in the interior of K°. Thus we must 
have K = C as claimed. 

The last statement now follows from the usual converse to the Krein-Milman The¬ 
orem (e.g. see jU Theorem V.7.8]). ■ 

In our application of this result, C will be the unit ball of E*. Since in this case 
C is balanced, we could use the other definition of polar instead. The details of the 
proof remain the same. 


3. The predual of 

Following the plan outlined in the introduction, we wish to find all exposed points 
of the unit ball of A(B^)*. Let us first deal with the extreme points. For a Banach 
space A", we denote by bi(X) its open unit ball. 

Lemma 3.1. The extreme points of bi(A(M d )*) decompose as 

ext(&i(A(B d )*)) = ext(6i(H' 00 (B (i ) j)[ )) U ext(&i(TS)). 

Proof. This essentially follows from the £ j-decomposition A(B rf )* = H°°(M d )* ©j TS. 
Indeed, we see that 6 1 (A(B d )*) is the convex hull of bi(H°°(M d )f) U &i(TS), whence 
extreme points of bi(A(M d )*) must lie in ext(&i(fL°°(B rf ) J) Uext(&i(TS)). Conversely, 
let (p G ext(bi(H°°(Md)*)) and assume that 


02 = -ib H— 9 
r 2 
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for some ip, 0 E 6 i(A(B rf )*). Write ip = ip\ + ip 2 and 6 = 6\ + d 2 , where ipi,6i E 
bi(H°°( B d )J and ip 2 ,0 2 E 6 i(TS). Since H°°( B^)* fl TS = {0}, we must have 

V = l * 1 + \ h 

and ip 2 = d 2 = 0. By choice of p, this implies p — ip — 6 which shows that 
p E ext(6i(A(Brf)*)). A similar argument shows that ext(&i(TS)) C ext(6i(A(Bd)*)) 
and the proof is complete. ■ 

We can now give a description of the weak-* exposed points of the unit ball of 
A(Bd)*. Let T be the unit circle. 


Theorem 3.2. The weak-*- exposed points of &i(A(B<i)*) are the point masses X5^ for 
( E S d and X E T. 

Proof. First we show that the point masses are exposed. Let f(z) = (1 + Zi)/2 for 
every 0 E B^. Then ||/||oo = 1 and Sp(f) = 1 where £1 = ( 1 , 0 ,..., 0 ) E E> d . Let 
now p E &i(A(Bd)*). By the Hahn-Banach theorem there is a measure p on E> d with 
||/i|| = ||(^|| such that 


<P(9) = 


gdp for all g E A(B^). 


In view of the inequalities 



< 


< || A || < 1 


we see that Rep(f) = 1 only if p is positive, supported on {£ 1 } and \\p\\ = 1, which 
forces p = 5p. We conclude that <5^ is exposed. Scalar multiples of 5^ are dealt with 
similarly. By symmetry, we see that all other point masses XS^ are exposed points of 

MW). 

Next consider p E TS with ||/r|| = 1 which is not a point mass. Then, there exists 
a Borel set A C E> d such that 0 < |/r|(A) < 1. Let pa and ps d \A be the restrictions 
of p to A and E> d \ A respectively. I 11 particular, these measures are both absolutely 
continuous with respect to p and thus lie in TS. Moreover, 

jWy^eMTS) and TS)' 

Since |//| (S^) = \\p\\ = 1, the decomposition 

tl=M(A) {wAf A ) +M{SAA) ( |„|( S !\.4) ^) 


shows that p is not an extreme point of 61 (TS). By Lemma 13.11 we see that p is 
not an extreme point of the unit ball of A(B C ;)*, and thus is certainly not a weak-* 
exposed point. 
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Finally, consider <p G with ||<^|| = 1. If <p were a weak-* exposed point, 

there would be a function / G A(B d ) with ||/||oo = 1 such that 

1 = Reip(f) > Re0(/) for all -0 G 6 i(A(B d )*) \ {ip}. 

However this is impossible because / attains its norm at some point ( G §> d . Indeed, 
if we suppose that f(() = A G T, then (A= 1 while A(0 ^ ip. 

By virtue of Lemma 13.11 we see that the only weak-* exposed points are point 
masses. ■ 

We can now prove the statement in the title of the paper. 

Corollary 3.3. The extreme points ofbi(A(E d )*) are the point masses XS( for( G S> d 
and A G T. In particular, B d ) J has no extreme points. 

Proof. By Theorem 13.21 the set of weak-* exposed points of &i(A(B^)*) is 

{A<5^ : C £ Srf, A G T}. 

It is easy to verify that when it is endowed with the weak-* topology of A(! 0 )*, this 
set is homeomorphic to E> d x T and thus is weak-* compact. By Theorem 12.11 this set 
must therefore coincide with the set of extreme points of 6 i(A(Bd)*). By Lemma [3. 1 1 
we see that bi(H°°(^) d )^) has no extreme points as point masses lie in TS. ■ 
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